Introduction
The problem of modeli ng of cracked shafts has been t he subject of interest of many research centers for the past fO Uf decades. This is mai nly due to the faci that shaft cra cks. w hich may appear in ro tating machines during their operation, are seri ou s problems and may lead to catastrophic accidents if not detec ted early. Transverse cracks in rotors occur due to cycl ic loading. creep. stress corrosion, and other mecha nis ms to which rotati ng shaft s are subjected. An early crack warn ing can considerably extend the durabi lity of ro tating mach ines. increasing their relia bili ty at the same time.
Known approaches to shaft crack modeling can be divided into three main categories 111 : local stilTness red uction. discrete s pring models. and complex models in two or three dimensions.
The simplest methods aim to reduce the local stiffness of the shaft near the location of the crac k [2 -61. The reduction of stiffness is in some degree proportiona l to the depth of the crack. This is usua ll y achieved by reducing the second moment of area of the shaft cross section [4,6 1 . frequency of the excitation force P r,4 , P r,5 , P r,6 torsional forces (torques) acting on the rth O vector of the angular speed of the rotor RFE around axes x r,1 , x r,2 , x r,3 j ¼1,2,y,6 index of six directions in space P u,r,2 , P u,r,3 components of the unbalance force vector k index of subsequent SDEs along axes x r,2 , x r,3 applied to the rth RFE r, p indexes of subsequent RFEs, connected by the kth SDE P r vector of forces acting on the rth RFE The reduced stiffness may remain constant in the fixed angular direction, leading to linear equations of motion for the cracked shaft, similar to the ones for an asymmetric shaft [7, 8] . This corresponds to the so called fully open cracks (slotted or notch cracks). However, many experimental results show that, for the majority of rotating cracked shafts, the so called breathing mechanism should be included. This mechanism, which manifests itself in periodical stiffness changes, resulting from periodical opening and closing of the crack lips, may be introduced by relatively simple models of Grabowski [3] , Gasch [2] , Mayes and Davies [4] , or by more complex models of Ostachowicz and Krawczuk [9] , and Darpe et al. [10] , which actually fall into the third category.
Grabowski [3] suggested switching of the stiffness values from those of an uncracked rotor (closed crack state) to those of a cracked rotor (fully open state) at a particular rotor angular position. Grabowski's model can be applied, when the weight dominance of the external load is assumed [11] [12] [13] . In this situation, the constant static deflection of the rotor may be neglected, and only the dynamic, vibration response is calculated, simplifying the analysis.
Gasch [14] modified this approach, demanding that the switching takes place not at a particular angular position, but only when there is a change in the sign of rotor deflection in the direction perpendicular to the crack edge. His modification, which is often referred to as the hinge model, extends possible applications to other rotors, not only to the weight-dominant ones.
Mayes and Davies [4] suggested a sinusoidal stiffness change to model the breathing in a more sensible way, as a rotor crack is expected to open and close gradually due to external loads. Sawicki et al. [15] combined the Gash, Mayes and Davies models, introducing an additional angle c into the Jeffcott rotor model, in order to determine the amount of crack opening, when the rotor weight-dominance is ignored. Smoother changes from the open to close state of the crack can be obtained by using Fourier expansion for the so called crack steering function, which is especially applicable when approximated methods, such as harmonic balance [12] or multiple scales [16] are applied in order to calculate the response of the cracked rotor. Two new crack steering functions have been recently developed by Al-Shudeifat and Butcher [29] who used them for a more exact evaluation of the cracked shaft stiffness changes.
Along with the progressive development of the finite element method (FEM), FEM models of rotors, bearings and other components have been introduced for rotordynamic calculations [17] . First finite element models of the rotating shaft cracks were introduced by fundamental works of Dimarogonas and Paipetis [18] , who starting from the fracture mechanics, obtained a full 6 � 6 flexibility matrix for a transverse open surface crack on a shaft. Papadopoulos and Dimarogonas [19] derived the flexibility matrix for the finite shaft element with an open crack. Ostachowicz and Krawczuk [9] used the finite element model with a modified stiffness matrix of a beam accounting for the effect of crack and considering all but axial degree of freedom.
Darpe et al. [10] provided more detailed and complete derivations of the flexibility matrix of a cracked rotor segment starting from Castigliano's theorem. They introduced the original model of the crack breathing mechanism, in which the extent of crack opening is determined by calculating the values of compressive stresses at the crack edge (i.e., not the stresses themselves, but the so called stress intensity factors (SIFs) along the crack edge are calculated at each simulation step in order to determine the state of the crack). The closed part of the crack surface is delimited by a boundary, the so called crack closure line (CCL) represented by a segment orthogonal to the crack edge. Vare and Andrieux [20] extended this concept by introducing a more realistic true breathing mechanism, which can be calculated by means of 3D finite models in a nonlinear approach. The open and closed areas of the crack cross section were determined by calculating the compressive stresses at each point of the cracked area. As the calculations of the true breathing mechanism were very time consuming, Bachschmid et al. [21] suggested a simplified model, which assumed linear stress and strain distribution, as well as transient thermal stresses that can arise in rotating shafts. The results they obtained were very accurate, yet the calculation procedure was not so trivial.
The characteristic feature of the cracked shaft finite element, modeled using fracture mechanics approach [9, 10, 18, 19] is the presence of additional components that appear beyond the main diagonal of the stiffness matrix. This may lead to the couplings between torsional, bending and longitudinal modes of vibration. The appearance of the coupled vibrations may be used for shaft crack detection. Ostachowicz and Krawczuk [9] , Papadopoulos and Dimarogonas [19] reported the possibility to use the torsional-bending, while Darpe et al. [22] reported using bending-longitudinal coupled vibrations for such purposes. Unfortunately, these methods have not been widely employed due to very low amplitudes of the induced, coupled vibrations.
The models that fall into the second category, i.e. discrete spring models of the crack are met relatively rarely. Vaziri and Nayeb-Hashemi [23] studied a circumferentially cracked shaft subjected to cyclic torsion. They presented a model consisting of two shaft segments connected by a torsional spring and a torsional damper. The spring and the damper represented the local flexibility and the local energy loss of the crack region, respectively. However, the stiffness and damping for other modes (bending and torsional) of the shaft deflections were not included. El Arem [24] suggested a model in which the transverse cracked section was replaced by two lumped nonlinear flexural and shearing springs. He considered a 3D finite element model of a shaft in which the opening and closure of the crack were governed by the normal stress on the crack lips. He found that the influence of shearing effects on the breathing mechanism of the crack was negligible when compared to this of the flexural moments.
The present article recommends the discrete mass-spring-damper model of the cracked shaft, utilizing the approach known as the rigid finite element (RFE) method [25] . The rigid finite element method is based on a completely different approach than the classical finite element method (FEM). The idea is to discretize the given mechanical structure (such as a bar, beam, frame or shell) into rigid elements containing inertial features of the structure. These rigid elements are connected by massless and non-dimensional spring-damping elements (SDEs). The method has been successfully applied for the dynamic analysis of mechanisms, machine tools, cranes, ship drive systems, and even ship hulls [25] . It is mainly due to many advantages of the RFE method, which include: simplicity (the model of a very complex mechanical structure can be obtained quickly and intuitively), a uniform approach to describe rigid and flexible bodies, the numerical effectiveness, and the possibility to analyze both small and large deformations. Lately, the method has been improved and extended by Wittbrodt et al. [26] , who used it for successful dynamic calculations of flexible multibody systems with changing configurations, such as robot manipulators.
The rigid finite element method can be classified into a group of well known lumped parameter methods [27] . The modification of the lumped parameters method, namely the transfer matrices method (or Myklestadt-Prohl method), has been widely used for modeling rotating machines for years [27] . Like the transfer matrices method, the RFE method allows one to create the model of the given machine in a very systematic and intuitive way, yet the RFE method does not seem to have so many limitations as its earlier ancestor.
The idea of applying the rigid finite element method for modeling driving shafts is not new; e.g. natural frequencies of warship/trawler driving shafts were calculated this way [25] . However, to the authors' knowledge, it is the first time that RFEs will be used for modeling the crack in the rotating shaft. Similarly to the previous works of Bachschmid et al. [21] , the open and closed areas are determined by calculating deformations at selected points of the crack surface, yet the surface does not have to be divided into the refined mesh, as the deformations are determined in several spring-damping elements (SDEs) connecting the two segments of the shaft. The authors believe that such an approach is simpler and less time-consuming than the previous ones [20, 21] , and that several interesting problems, particularly concerning the breathing mechanism, can be explained and better understood using it.
The article presents the rigid finite element model of a given rotating machine, paying particular interest to the problem of modeling the crack in the shaft. The results of calculations of the uncracked free-free rotor are compared with the experimental data and with the results obtained with other software. Next, transient analysis is performed and frequency response of the rotor is calculated. Some remarks concerning the possible coupling mechanisms between torsional, bending and longitudinal vibrations are discussed. The influence of friction between the lips of the crack on the rotor vibration response is investigated.
Fundamentals of the rigid finite element (RFE) method
Using the rigid finite element method [25] , a given structure is divided into a defined number of lumped elements: n r non-deformable, rigid bodies (rigid finite elements (RFEs)) connected with n s spring-damping elements (SDEs) (see Fig. 1 ). The way RFEs connect with SDEs is arbitrary. Rigid finite elements are numbered from 1 to n r , and spring-damping elements-from 1 to n s .
Rigid finite elements are characterized by their masses and mass moments of inertia, while spring-damping elements-by their stiffness and damping coefficients. The masses of spring-damping elements are neglected. Static characteristic of each spring-damping element is linear, which means that the force loading the element is the sum of two forces: one that is proportional to deformation (stiffness), and another that is proportional to deformation velocity (damping). Spring-damping elements can be loaded with translational forces, as well as with pairs of forces (torques).
The motion of each RFE is considered in an independent coordinate system with three main axes x r,1 , x r,2 , x r,3 . The center of the system is located at the mass center of a given element. At a standstill, axes x r,1 , x r,2 and x r,3 coincide with three principal axes of the element, i.e. with the axes around which deviatory moments are zero.
Similarly, the motion of each SDE is considered in an independent coordinate system defined by three main axes y k,1 , y k,2 , y k,3 . The main axes of the SDE should be chosen in such a way that the force acting along each axis causes only a translational deformation in a direction along the axis. Similarly, the pair of forces acting around each coordinate axis should cause only a torsional deformation around the axis.
Each rigid finite element is defined by a block of inertia coefficients. This block has a form of a diagonal matrix, because x r,1 , x r,2 and x r,3 are principal axes of the RFE. For spatial systems the block of inertia coefficients for the rth RFE is, as follows [25] :
Here, diagðvÞ denotes the diagonal matrix with elements of vector v on the main diagonal. The first three components of block M r are masses of the RFE, i.e. m r,1 ¼m r,2 ¼m r,3 ¼m r , the others are mass moments of inertia around axes x r,1 , x r,2 , x r,3 .
Spring-damping elements are defined by blocks of stiffness and damping coefficients. These blocks are also diagonal, as y k,1 , y k,2 , y k,3 are main axes of the SDE. For spatial systems the block of stiffness coefficients for the kth SDE has the following form [25] :
The first three components of this block are translational stiffness coefficients along axes y k,1 , y k,2 , and y k,3 , the others are rotational stiffness coefficients around the same axes.
The block of damping coefficients has a similar form [25] 
The position of each rigid finite element is defined with its general coordinates. For spatial systems the RFE has six degrees of freedom and consequently its position is defined with six general coordinates. These are, as follows: three displacements of its mass center along axes x r,1 , x r,2 , x r,3 , and three rotations around the same axes. The six general coordinates form the following column vector [25] :
r,3 r,4 r,5 r,6
:
Similarly, general forces loading the RFE along general displacements have the following form [25] : h i T P r ¼ P r,1 P r,2 P r,3 P r,4 P r,5 P r,6 :
Blocks of inertia M r , of stiffness K k and damping D k coefficients are main components of global mass, damping and stiffness matrices of the whole structure (see Appendix A). The procedure of calculating the components of these blocks, as well as the procedure of constructing global matrices of the whole system are thoroughly explained in [25] .
The original work of Kruszewski et al. [25] does not discuss the motion of rotating shafts. Only small displacements (vibrations) of non-rotating structures are considered. Hence, the equation of motion developed in [25] has to be modified in order to include gyroscopic forces and other effects characteristic for rotating shafts. Furthermore, the model of the crack has to be developed and introduced into the equation of motion. These problems will be presented and solved further, in the following sections.
RFE model of the uncracked rotor

Equations of motion
The proposed approach is demonstrated on a rotor supported by two ball bearings, consisting of a shaft and a disk. The rotor is a part of a crack detection test rig utilized at the Center for Rotating Machinery Dynamics and Control (RoMaDyC) at Cleveland State University [13] . Main dimensions and the schematic diagram of the rotor are presented in Fig. 2a .
Using the rigid finite element method [25] , the rotor is divided into a selected number of lumped elements. The division runs in two steps.
In the first step, the rotor is divided into 50 elements (Fig. 2a) . In the middle of each prismatic element, a springdamping element is located; in Fig. 2a SDEs are marked with crossed circles. Each of tapered elements, numbered as 3, 4, and 42, 43 is replaced by 6 prismatic elements of equal length and gradually decreasing diameter, according to the procedure described in [25] . In the present case, spatial SDEs are selected, i.e. the elements that can be loaded with six general forces, of which three act along three different axes (translational forces) while the other three act around these axes (torques). The motion of each SDE is considered in an independent coordinate system with its three main axes y k,1 , y k,2 and y k,3 (Fig. 2c) .
After dividing the rotor into spring-damping elements and after assuming their coordinate systems, the flexural and torsional stiffness coefficients along each six directions of each element are calculated according to the procedure described in [25] .
In the second step, 51 rigid finite elements are located between the corresponding SDEs obtained in the first step. As in the first step, non-prismatic elements (e.g. 3, 4, 5, 7) are replaced by 6 prismatic RFEs, according to [25] .
The motion of each of the RFEs is considered in an independent coordinate system with three main axes x r,1 , x r,2 , x r,3 (Fig. 2c) . The center of the system is located at the mass center of a given element. At a standstill, axes x r,1 , x r,2 and x r,3 coincide with three principal axes of the element; x r,1 coincides with the rotation axis.
Next, masses and mass moments of inertia of all 51 RFEs are calculated according to the procedure presented in [25] . Then, on the basis of stiffness coefficients, masses and mass moments of inertia of individual SDEs and RFEs, stiffness K and mass M matrices of the rotor are created [25] .
Proportional damping is assumed with the damping matrix D D calculated according to the known formulae [25, 27] 
where coefficients a D and b D are assumed as follows:
The vibrations of the rotor are considered in a local coordinate system x, Z, z which rotates with the rotor with its angular speed O around axis z, which at a standstill is the rotor symmetry axis. Of course, coordinate systems of individual RFEs and SDEs rotate with the rotor, too. In the local coordinate system, the equations of motion take the following form:
where q is a vector of displacements of the centers of masses of individual RFEs and P is a vector of forces (such as gravity, unbalance, etc.) loading the rotor. Matrix D G includes gyroscopic effects, yet is not introduced in an original equation of motion, which has been developed in [25] in the following form:
It is well justified, as only small displacements of non-rotating structures are considered in [25] . However, if the motion of the flexible rotating rotor is considered, then the gyroscopic effects must be absolutely included. Thus, the form of the gyroscopic matrix D G for the rigid finite element, rotating around one of its principal axis and subjected to small transversal and/or rotational vibrations along/around the other axes should be determined. The simplified procedure of creating the gyroscopic matrix is presented in the following section. Fig. 3a presents the rth rigid finite element rotating around axis x r,1 and subjected to small transversal and rotational deformations along/around axes x r,2 and x r,3 . The motion of the element will be considered independently in two planes x r,1 , x r,2 ( Fig. 3b) and x r,1 , x r,3 (Fig. 3c) , in a local coordinate system x r,1 , x r,2 , x r,3 rotating with the element at constant speed O.
Gyroscopic matrix
Gyroscopic effects acting on the element will manifest themselves by two general forces:
The general formulae for the Coriolis force is as follows:
while for the gyroscopic moment s G,r ¼ J r,1 x r � X, (10) where m r , J r,1 are the element's lumped mass and lumped mass moment of inertia (around the rotation axis x r,1 ), v r is the 
From the above, for the motion in plane x r,1 , x r,2 , the Coriolis force acting along axis x r,3 will be
while the gyroscopic moment around axis x r,2 t G,r,2 ¼ J r,1 Oq _ r,6 :
Similarly, for the motion in plane x r,1 , x r,3 , the Coriolis force along axis x r,2 will be
and the gyroscopic moment around axis x r,3
From Eqs. (12)- (15) the general vector P G,r of Coriolis forces and gyroscopic moments can be calculated as 
or after some rearrangements
^Î n Eqs. (19) and (20) Eq. (20) results in Eq. (7) if all n r RFEs are considered. Gyroscopic matrix D G for the whole rotor system is created from gyroscopic matrices D G,r of individual RFEs (using the procedure similar to the one applied for the general mass matrix [25] ) and then introduced into Eq. (7). The form of matrix D G is presented in Appendix A.
Model verification
On the basis of the general matrices M, D D , D G , K of the rotor, its dynamic properties may be evaluated. Fig. 4 presents the transfer function of the non-rotating, free-free rotor (no bearings) obtained experimentally (continuous line) and from the RFE model (dashed line). The experimental transfer function has been measured using the impact hammer modal testing. The rotor was suspended in the air using thin nylon wire and struck with the force-instrumented hammer. The resultant motion of the rotor was measured with an accelerometer fixed on the rotor and then analyzed using the dynamic signal analyzer. The modeled transfer function has been obtained using the Bode plot.
A very good agreement can be observed between the modeled and experimental data. The values of first three natural frequencies, which for the experiment are 84. first three natural frequencies are chosen individually. Certainly, it is possible to use modal damping when the RFE approach is applied, however it has not been applied for the present study. Fig. 5 shows the Campbell diagram of the free-free rotor. Dotted lines have been calculated using the RFE model. For comparison, the dashed lines have been calculated using the commercial finite element software XLRotor [28] . An almost perfect agreement between these two result sets can be noticed, especially for the first two natural frequencies (84.25 Hz and 356.62 Hz) and their changes with rotor rotational speed. Although the situation for the third frequency is less agreeable (642 Hz obtained from RFE and 676 obtained from XLRotor), the veering of this frequency with the rotational speed are still similar.
RFE model of the cracked rotor
Model of the crack
The concept of the proposed rigid finite element model of the transverse shaft crack will be presented in this section. Fig. 6 shows two rigid finite elements and the cross section of the shaft at the location of the crack. The crack edge line located at depth a from the side surface of the shaft separates the uncracked (hatched) and cracked areas.
The crack is supposed to be located between the two RFE elements (numbered as r and p) and is modeled using several spring-damping elements connecting these RFEs. To simplify the considerations, it is assumed that the main SDE connecting the two RFEs (marked with a large crossed circle in Fig. 6(b) and representing the stiffness of the uncracked area) is located at the geometrical center of the uncracked area. Furthermore, the stiffness of this SDE is proportional to the crack depth. In fact such dependency is nonlinear, as the stiffness depends on the cross sectional area and on the area moment of inertia of the uncracked segment. To improve the accuracy, the more exact assumptions can be taken, as explained in Appendix C. For the details the reader is referenced to [6, 29] .
Nevertheless, for the rest of the paper it is assumed that the stiffness coefficients of the large SDE in main six directions are constant and proportional to the relative depth of the uncracked area (1 -m). Here, m is the relative depth of the crack and is defined as follows:
where R is the radius of the shaft. This way stiffness coefficients of the large SDE are evaluated as
where k U,k,j are stiffness coefficients of the SDE, which would connect the two RFEs in case of the uncracked shaft, j ¼1,2,y,6. Stiffness coefficients k U,k,j are determined using the procedure described in [25] . The cracked area between the two RFEs is connected with several smaller SDEs (there are 19 SDEs in Fig. 6c numbered from 53 to 71). These SDEs are located at selected points of the uncracked area, e.g. at the nodes of the imaginary geometrical array, formed with vertical and horizontal lines running perpendicularly and parallel to the crack edge.
Stiffness coefficients k k,j of the individual SDEs are equal and are chosen in such a way that their sums in all six directions are proportional to the relative depth of the crack m, i.e.
where n c is the number of small SDEs, j ¼1,2,y,6. This way the sum of the stiffness coefficients of small SDEs k k,j and a large SDE k C,k,j in a particular direction j equals the stiffness of the uncracked SDE k U,k,j
k ¼ 53
X
The situation described above illustrates the fully closed crack state. If crack breathing is to be accounted for, then the stiffness of small SDEs should change. In practice, these changes are determined in a way described below.
The stiffness of an individual small SDE in a given direction j can be zero or k k,j depending on the deformation Dw k,1 of this SDE along axis y k,1 (i.e. for j ¼1). If this deformation is greater than zero, this means that the corresponding SDE is compressed, its stiffness should be k k,j and the crack at its location is closed. It can be vividly presented, as if the springdamper touches the crack surface (Fig. 7) . On the other hand if this deformation is less or equal to zero, then the corresponding SDE is under tension, its stiffness should be zero and the crack at its location is opened. It can be presented as if the spring-damper does not touch the surface of the crack. This way, based on the sign of the deformation of all small SDEs in direction perpendicular to the crack surface, the open/close state of the crack can be easily determined, and the corresponding stiffness change can be introduced into the stiffness matrices. Fig. 7 shows two situations: the first, when a single small SDE is compressed (closed crack), and the second, when the small SDE is under tension (open crack).
Deformations of a given spring-damping element are expressed with vector Dw k composed of six components: the first three are translational deformations along corresponding axes y k,1 , y k,2 , y k,3 , and the next three are rotational deformations around the same axes. According to [25] , vector Dw k can be calculated, as
where q r and q p are vectors of displacements of the rth and pth RFE connected with the kth SDE, and T r,k and T p,k are corresponding transformation matrices [25] .
Calculating the vibration response of the cracked rotor, the procedure of determining the crack open/close state is performed according to following steps:
1. Initially, the crack is supposed to be completely opened, i.e. stiffness matrices of all small SDEs are zero and only the stiffness matrix of the large SDE is introduced into the stiffness matrix K of the whole system (Eq. (7)). 2. For the given time step, the response vector q is calculated according to Eq. (7) and vectors of displacements q r and q p of the two RFEs between the crack are excluded from it.
3. Deformation vectors Dw k of all small SDEs are calculated, according to Eq. (25). 4 . If the first component Dw k,1 of the given vector Dw k is less or equal to zero, then the corresponding SDE is opened and its stiffness matrix remains zero. Otherwise, the corresponding SDE is closed and its stiffness matrix is modified to contain k k,j components. 5. Stiffness matrix K of the whole system is updated with modified matrices of all small SDEs and the procedure from 2 to 5 is repeated with the new value of K. In practical calculations, the number of small SDEs between the crack lips should be chosen in a way to ensure the realistic behavior of the crack breathing. This is not a problem in case of RFE method, where increasing the number of SDEs is straightforward and is performed in the same systematic way (the only difficulty is to presumably calculate the coordinates of the pinning points of all small SDEs on the cracked surface).
The proposed model allows one to analyze also other mechanisms that may occur at the crack location. If the procedure described above detects the compressed state of the individual SDE, then its stiffness matrix can be modified in such a way that only stiffness changes in selected directions (e.g. stiffnesses for compression, shearing, bending or torsion) can be accounted for. Shearing, sliding or torsional effects between crack lips can be easily investigated this way.
Model of the cracked rotor
The rigid finite element model of the cracked rotor described in Section 3.1 is created by including two supporting ball bearings and the model of the crack.
The bearings are modeled using two additional spring-damping elements connecting the basis (numbered as 0) with the 2nd and with the 46th RFE (Fig. 2b) . The values of the radial bearing's stiffness k B and damping d B are assumed, as k B ¼3.6 � 10 6 N/m, and d B ¼10 N s/m, and introduced into the corresponding stiffness and damping matrices of the two SDEs. The crack is located between the 21st and the 22nd RFE (Fig. 2b) , and is modeled using one large SDE and several hundred small SDEs. Small SDEs are distributed evenly at the nodes of the rectangular mesh mapped on the cracked area of the crack cross section. The rotor response is calculated including the breathing mechanism described in Section 4.1. Two different cases of small SDEs stiffness changes have been considered: the first, when during the breathing, the stiffness of each small SDE may change in all six directions, and the second, when only changes in translational stiffness along axis y k,1 and in torsional stiffness around axes y k,2 and y k,3 perpendicular to the shaft axis are allowed (Fig. 2c) . In the latter case the translational stiffness along axes y k,2 and y k,3 and the torsional stiffness around axis y k,1 are all time zero, what corresponds to the hypothetical situation when the lips of the crack slide on each other with almost no friction. The first case will be referenced to as the full stiffness, while the second as the half stiffness change.
The calculations have been conducted for two different cracks: the first of the 25 percent, and the second of the 40 percent relative depth. In the first case the number of small SDEs connecting the 21st with the 22nd RFE is n c ¼260, while in the second case it is n c ¼488.
According to Eq. (7), the response q of the rotor is calculated using the rotating reference frame x, Z, z and then is transformed to the inertial frame x, y, z (Fig. 8) using the following formulae:
where for the instantaneous time t the diagonal transformation matrix T g is assembled using the elemental coordinate transformation matrix T e , given by 0 2 -sinðOtÞ cosðOtÞ 3
The derivation of matrix T e is presented in Appendix B. Fig. 8 . Rotor crack section in inertial and rotating coordinates.
Vector P of forces loading the rotor is composed of gravity G and unbalance P u
In the rotating coordinate system the unbalance is constant, and its components in directions x r,2 and x r,3 are, as follows:
where b is the angle between the crack and unbalance vector and e is the eccentricity of rotor elements. On the other hand, vector of gravity G rotates around the axis of the rotor with its angular speed O and its components in the local coordinate system are, as follows:
where g is gravity acceleration. Equation of motion (Eq. (7)) is solved using Newmark integration scheme [30] , as it turned out to be more efficient for the analyzed rotor. All calculations are conducted for the rotor rotating with the angular speed of O¼27 Hz (1620 rev/min) till the 1000th revolution is obtained. The results present translational and angular displacements of the rotor at the selected point located at the mass center of the 8th rigid finite element (Fig. 2b) , which is the location of the vibration probe.
Dynamic properties of the uncracked rotor supported by bearings
Natural frequencies of the uncracked rotor supported by ball bearings are different than those for the free-free rotor (see Section 3.3). This is due to additional stiffness and damping introduced by bearings. Fig. 9 presents the Campbell diagram for the uncracked rotor supported by ball bearings. The first two natural frequencies are shifted to 45 Hz and 225 Hz (compare to Fig. 5 ). Backward and forward critical speeds located at 44.9 Hz and 45.1 Hz are also shown. Fig. 10 shows the response of the uncracked rotor loaded with unbalance and gravity. As expected the orbit is almost perfectly circular (Fig. 10b) and the distinct component of the synchronous frequency of 27 Hz (marked as 1 � ) is present at the vertical vibration spectrum (Fig. 10c) . It can be noticed that the crack breathes in a completely different manner than this suggested by Papadopoulos and Dimarogonas [19] , Darpe et al. [10] , and others. The line delimiting the closed part of the crack from the uncracked one is not all time perpendicular to the crack edge. It rather rotates around the center of the shaft in a way similar to the motion of a clock hand. This behavior corresponds well with the results obtained by Bachschmid et al. [21] , yet the present approach is simpler. Fig. 9 . Campbell diagram of the RFE model of the uncracked rotor supported by ball bearings; only gyroscopic moment included in the gyroscopic matrix. The function graph of the crack closing is presented in Fig. 12d , where the crack closing c c is defined as the percentage ratio between the number of small SDEs under compression n cc to the total number n c of all small SDEs connecting the cracked part of the shaft n cc c c ¼ � 100 percent:
Results for the 25 percent cracked rotor
The change in this parameter during one revolution can be interpreted as the well known crack steering function, reported in [5, 6, 14] , and others. Fig. 12 contains also the time response, the orbit and the frequency spectrum of the 25 percent cracked rotor. Frequency spectrum consists mainly of the synchronous frequency of 27 Hz (1 � ) and its harmonics (2 � , 3 � , 4 � ), what is characteristic for the cracked shafts. However, small components of 18 Hz and 72 Hz can also be observed. In practical applications, these components could be hardly noticed, as their amplitudes are close to precision limits of modern measuring instruments, yet the appearance of these components should be explained.
Sawicki et al. [12] , derived an important formula that can be used to explain the appearance of different harmonics in the vibration spectra of cracked, nonlinear rotors. He employed a harmonic balance analysis of the finite element model of the cracked rotor excited by an external harmonic force perpendicular to the shaft. The form of this formula is, as follows: For the analyzed rotor, introducing O¼27 Hz, o 1 ¼45 Hz, i ¼1, s ¼1, and r ¼1 into Eq. (31) results in O 2 ¼18 Hz. Similarly, introducing O¼27 Hz, o i ¼45 Hz, i¼ 1, s ¼ -2 and r ¼7 yields O 2 ¼72 Hz. These simple calculations explain the appearance of weak frequency peaks located at 18 Hz and 72 Hz. Fig. 13 shows changes in stiffness coefficients during one revolution. These coefficients are the components of the 6 � 6 matrix K n 21,21 located at the crossing of the 21st row and the 21st column stripes of the stiffness matrix K. The changes in matrix K n illustrate the stiffness changes of the shaft at the location of the crack during the breathing. Only the cross 21, 21 coupled stiffness coefficients (k 15 Fig. 13 correspond very well with the ones obtained by Darpe et al. [10] .
If the half stiffness change is assumed, then some cross-coupled stiffness coefficients remain zero during the whole revolution of the rotor. These are: k 24 , k 26 , k 34 , k 35 , k 45 , k 46 . This is presented in Fig. 14 . However, zero values of these coefficients do not result in a noticeable change of the rotor behavior, as for the half stiffness change, the breathing, the time response and the frequency spectrum of the vertical vibration are almost the same, as those presented in Figs. 11 and 12 for the full stiffness change. Furthermore, axial and torsional vibrations, coupled with the lateral ones are also not influenced by the changes in friction between the lips of the crack. It can be seen in Fig. 15 where the frequency spectra for axial and torsional vibrations are shown for full and half stiffness changes. Only synchronous frequency (1 � ) of 27 Hz and its multiples (2 � , 3 � , 4 � ) may be observed both in axial and torsional spectra. Comparatively low amplitudes of the axial and torsional vibrations should be pointed out in both cases of the full and half stiffness change. This may be surprising, as one may expect a greater influence of the friction between the lips of the crack on the rotor response. However, such behavior agrees well with the results obtained by others (e.g. [24] ).
Similar results to the ones described above are obtained, if different angles between the unbalance and the crack is assumed. The calculations conducted for b¼1801 result in almost the same plots, as those presented in Figs. 11-15 .
The situation changes dramatically, if larger eccentricity is assumed. The breathing presented in Fig. 16 Fig. 17d . The amplitude of vibration increases (Fig. 17a and b) . The frequency response (Fig. 17c) contains all harmonic multiples (2 � , 3 � , 4 � ) of the rotor speed (1 � ), yet the combination frequencies of 18 Hz and 72 Hz achieve noticeable values of 6 � 10 -7 m and 2.7 � 10 -7 m. Furthermore, the leakage (Fig. 17c ) increases significantly. Stiffness coefficients change in a quite different way: k 15 , k 24 , k 46 , and k 56 do not change their sign, and all plots are not so symmetric during a full revolution (compare Fig. 18 with Fig. 13 ). The situation described above concerns the case, when the angle between the unbalance and the crack is b¼451. Fig. 19 presents the breathing of the same 25 percent cracked rotor with eccentricity e¼10 However, the time response and the orbit (Fig. 20a and b) do not change a lot, when compared with these for b¼451 (Fig. 17a and b) . The frequency spectra (Fig. 20c) and Fig. 17c are similar, though the leakage for b¼1801 is significantly lower.
For the rotor with the half stiffness change assumed, Figs. 16, 17, 19, 20 look almost the same. Only the plots of stiffness coefficients changes (Fig. 18) are different. This certainly confirms the little influence of the friction between the lips of the crack on its vibration behavior. 
Conclusions
The proposed RFE model of the crack has many advantages:
(a) It can be easily created with the use of a selected number of small spring-damping elements located between the lips of the crack; introducing several subsequent SDEs into the model is simple and can be performed systematically in a way that is natural for the RFE method. (b) The breathing mechanism can be intuitively explained with the stiffness changes of individual small SDEs; these changes are determined by evaluating deformations of the SDEs. (g) The calculated breathing behavior is similar to that obtained by other researchers [21] , who utilized much more complicated and time consuming methods.
Results of calculations show that the breathing behavior of the cracked rotor depends strongly on the value of eccentricity and its angular location. For large eccentricities, the crack may be constantly open (or closed) for some angular locations. For small eccentricities, regardless of their locations, the crack opens and closes (breathes) during the rotation. However, the form of crack breathing has little influence on the vibration response. For all tested situations, the frequency spectra of the vertical vibrations appear almost identical: only the synchronous frequency and its multiples are present. Combination frequencies may appear, yet their amplitudes are very low. Similarly, the amplitudes of the induced, coupled axial and torsional vibrations are low, too.
Surprisingly, the friction between the lips of the crack does not seem to have significant influence on the vibration response. Reducing the shearing and torsional stiffness at the location of the crack alters neither the breathing mechanism, nor the lateral response. Utilizing the formulas for S C , J C,2 , J C,3 given in [29] , i.e. which means that translational stiffnesses k k,1 , k k,2 , k k,3 should be reduced by 20 percent, while rotational stiffnesses k k,4 , k k,5 , k k,6 by 26 percent, 13 percent and 40 percent respectively. However, stiffness reduction a 6 given by Eq. (C.11) has been obtained for area moment of inertia J C, 3 given by (C.8) about axis y k,3 , which is located at the geometrical center of the shaft circular cross section. In fact, during the rotation the shaft is bended about the neutral axis, which is located at the centroid of the uncracked segment, as it is shown in Fig. C1 . Thus, to better improve the accuracy, the new stiffness reduction a N,6 should be calculated for the moment of inertia J N,C about neutral axis y N,k,3
J N,C a N,6 ¼ (C.14) J U,3
Utilizing Steiner's theorem, the area moment of inertia J N,C of the cracked segment about axis y N,k,3 can be calculated as 
